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Molecular dynamics simulations are carried out to monitor heat flux directly, in both forward process and time-reversed
process. Two weighted Nosé —Hoover thermostats, whose temperatures are different independently, are attached to a
Stillinger—Weber fcc crystal confined by reflective walls. With increasing temperature difference, phase-space collapse rate
in the forward process decreased and the irreversibility of heat flux appeared earlier in time-reversed process. The
irreversibility appeared earlier, with decreasing numbers of significant digits. Nevertheless, the values of phase-space

collapse rate were almost same.
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1. Introduction

Hoover proposed a theory that explains the origin of
Clausius’s principle, the second law of thermodynamics,
on the basis of mechanics [1]. On the theory, first, it is
imposed that numbers of significant digits of physical
quantities are finite, even in classical mechanics due to
the uncertainty principle of quantum mechanics. Then
contraction of information continuously occurs in the
forward process that a stationary heat flux flows from high
temperature part to low temperature part. Thus when the
direction of the heat flux is reversed in the case of the time-
reversed process, the deviation from the forward process
grows exponentially, and the time-irreversibility appears
in a finite time. Finally time-reversed process is unstable
and cannot be observed.

For example, we can consider a system which is partially
connected to a high temperature thermostat and a low
temperature thermostat; two thermostats are connected to
the same number of particles, N, individually and are
controlled by Nosé —Hoover method. The variables of the
system are  I'=(qi, ....qn,;P1, - -, PN, Chigh, dlow)
where Ny is the number of all particles, ¢g; is the position
of i-th particle, p; is the momentum of i-th particles, {pigh is
the friction variable of thermostat of high temperature,
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Thigh, and oy is the friction variable of thermostat of low
temperature, Tow. The time evolution of the distribution
function f in stationary state is derived by Liouville
equation:

U LI I N P
o |og * op * 0 high * 0 low aH= dt
= 3N({high) + {Gow))f (D

= f('®) = fT'(0)exp[3N(high) + (Liow)?].  (2)

Considering the balance of heat in the forward process,
that is, 3N(liow)Tiow + 3N{Znign)Thigh = 0 and ({jow) > 0,
the equation (2) can by written in terms of the two
temperatures:

= f(I'(®) = f(I'(0))exp |:3N<§10w> (1 - ;]OW) t} ;™ + 0
high
(3)

Because the integration of f over whole phase space is
unity, the phase-space volume element collapses to
zero and the information contracts continuously in the
forward process. The negative value of the exponent,
3N{(liow)(1 = Thow/Thign), can be defined as the collapse
rate of phase-space volume element and the product of the
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exponent by Boltzmann constant can be defined as the
entropy production rate. Such trajectories go to attractors
and they are stable. On the other hand, phase-space
volume element diverges in time-reversed process. In this
situation trajectories go from repellors and they are
unstable. Hoover et al. have researched various kinds of
nonequilibrium systems [2—6]. However the heat flux in
both forward and time-reversed processes have not been
monitored directly.

In this paper, the irreversibility of heat flux is monitored
directly on the basis of the above theory. First, the system
of the interest and the equations of motion are introduced
in section 2. Then the behavior of heat flux in both forward
and time-reversed processes are showed and the effects on
heat flux by temperature difference and numbers of
significant digits are investigated in section 3.

2. Method

Figure 1 shows the system of interest. A total of 16,000
particles interacting with Stillinger—Weber potential [7]

asw [+ - 1} exp stl—r,;,} (0 < ry < rsw)
d(ryj) =
0 (otherwise), “)

asw = 8.805977, rsw = 1.652194.

took fcc lattice. asw and rgw are set to coincide Lennard—
Jones repulsive core, therefore, this fcc crystal is stable.
Stillinger—Weber potential does not cause any cutoff
error. The crystal was confined in the rectangular cell
with reflective walls whose size was (Ly,Ly,L;) =
(15.62,15.62,62.47), namely, the uniform number density
is 1.05. The particles in the region 0 = z < 0.25L, were

e
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Newton
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Nosé-Hoover

weightend
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1 Wiow(2)

0 Whigh(2) §

-
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Nosé-Hoover

z
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L,/4 3L,4 L,

pi = F (a)-W(z)Zpi

attached to the high temperature thermostat and the
particlesin theregion 0.75L, = z < L, were attached to the
low temperature thermostat. The heat flux, therefore, is
positive in normal stationary state: time-reversed process.
Two thermostats were weighted Nosé—Hoover type [8].
The equations of motion of temperature-controlled
particles were defined as follows:

dq; p; dp; 9o
dr - ma dr - aql W#(Zl)g#pla

&)

dg 1 F? ]
————E —L — 3wy(z)kpTy |,
It Os, ~ #(zi)kpTy

where # stands for “low” or “high”, and smooth weighting
functions wy are defined so as not to make error in changing
equations of motion near z = 0.25L, and z = 0.75L,,

I (z:<0.2L,)
—0.2L,
whign(e) = { 0.5 (1-+cos 7(%5025) ) (0.2L. =2 <0.25L)
0 (2:=0.25Ly)
(6)
0 (z<0.75L,)
= 05(1-cosr (5 050, <031
I (:=0.8L,)
)

The particles in 0.25L,=z;<0.75L, obeyed simple New-
ton’s equations of motion. In this case, the time evolution of
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0.23
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0.21 5y
0.20 e
0.19 e

0.18
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/4  Lj2 34 L,
z

Figure 1. Left: schematic figure of system. The heat flux j. is positive in the forward process and weight functions for two thermostats. Right:
temperature profile. Ty = 0.225, Ty, = 0.175. Local temperatures are calculated by 7; = (2/ 3N,~)Zjea pl.2 /2m where C; is the i-th part of simulation

box and N; is the number of particles in C;.



17:54 14 January 2011

Downl oaded At:

Molecular dynamics simulation of time-irreversibility of stationary heat flux 111

(a)0.08 (b) 1
3 0.06 El\& B f\s ,E\E(/E\s\ F 1e-02 \
= 004 ‘ﬂ\/ > ~ le-04
2 A 1e-06 \
@ 0.02 ) =
@ \\‘ ; le-08
s 0 . < 1e-10 =
(%2} \
20,02 iy Vs N\
£ -0.04 AN AN
e N A le-14

-0.06 L\ T e le-16

~ = =
-0.08

15 30 45 60 75 90 105
dimensionless time

1e-185—45 30 45 60 75 90 105
dimensionless time

Figure 2. An example of monitoring. Thigh = 0.125, Ty = 0.075. Left: monitoring heat flux in both forward and time-reversed processes, Right:

monitoring {|dg(#)|) in time-reversed process corresponding to the left part.

the distribution function is

FO@)=FTODexp | $3( | D Whign(@) | Lhign

i€ Chigh

(3
+3 Zwlow(zi) Liow t,

ie Clow

considering the balance of heat again, 3(} ¢
Wlowglow>Tlow+3<ZiecmghWhigh§high>Thigh7<§low>>07

Zwlow(zi) Liow (1_?&)1‘.

i€ Crow high
&)

In all simulations m was unity. We chose the value of
mass of thermostat Qx from unity to seven according to the
temperature of the thermostat. All equations of motion
were integrated numerically on the basis of a time-
reversible Leap-Frog algorithm. The time step was set to
0.005 in all simulations. Variables with double precision
were used. The heat flux component j, was calculated

=f(I'(0))exp |3

from particles in the region 0.25L, < z < 0.75L_,

o1 Diz 1 ad\ pi
JZ—VZ & EZ(in_QU)_ ol

iec; =i 0q;
(10)

:2
_pit 1 a
i =55 ¢l — g

J#Fi

The simulation has three processes. First, the crystal
with temperature difference was prepared without
particular rescalings and corrections: the positive station-
ary heat flux arose in this forward process. Then physical
quantities were monitored for 21,000 steps. Then, the
signs of all momenta and friction variables were reversed,

pi— Pl =i=N), Low— —lnigh, Chigh— — high,

and physical quantities were monitored in time-reversed
process.

Table 1.

Uniform temperature, temperature difference and the phase-space collapse rate. The phase-space collapse rate at four points of temperature
difference are calculated at each uniform temperature.

AT
0.025 0.050 0.075 0.100 0.150 0.200

T 0.1 —18.2 £89 —764 £9.5 —1873 9.6 —379.7 £ 10.2 - -

0.2 - —11.5£83 - —52.8 £89 —1282 £ 9.1 —262.5 8.8

0.3 - —7.1 8.6 - —17.1£93 —39.7 £8.8 —754£94
Table 2.  Uniform temperature, temperature difference and the time of irreversibility. The times of irreversibility at four points of temperature difference

are calculated at each uniform temperature.
AT
0.025 0.050 0.075 0.100 0.150 0.200

Tuni

0.1 63.7 = 1.0 62.8 = 1.4 61.6 = 1.3 544 * 14 - -
0.2 - 428 0.8 - 41.6 £ 1.1 37.1 £0.7 35.8 £0.6
0.3 - 29.8 = 1.0 - 29.8 0.2 282 * 0.5 27.7*0.2
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Figure 3. Monitoring of heat fluxes in time-reversed process as the
function of numbers of si§niﬁcam digits. Numbers of significant digits
are 1077 (solid line), 107" (dushed line), 10™"" (dotted line) and 10~ "
(solid-dotted line).

3. Result

The left part of figure 2 shows a general behavior of
stationary heat fluxes in both forward and time-reversed
process. In the forward process, heat flux was stable and
takes a nearly constant positive value. On the other hand,
the sign of the heat flux in time-reversed process was
negative temporarily and the shape looked like the mirror
image of the heat flux in the forward process. However, the
sign suddenly turned to positive as the error of time-
reversed process against the forward process were
accumulating. Such behavior was monitored over all
simulations. To investigate irreversibility from the point of
view of accumulation of microscopic error, the average of
deviation of time-reversed particles’ trajectories against
the forward trajectories, (8¢(r)), were calculated:

1 N
(18q()l) = 5 > 1a(Orer = D)yl (11)
i=1

The right part of figure 2 shows (dg(¢)) monitored in
time-reversed process corresponding to the left part of the
figure. (8q(r)) increased exponentially as soon as time-
reversed process begins, however, net deviation is so small
that the sign of heat flux is still negative. This increase
stopped when the order of (8¢(r)) became 0.1, then, the
sign of the heat flux turned to positive. This figure shows
Lyapunov instability of time-reversed process directly.
This result shows that the irreversibility appears on heat

flux when the order of (5¢(r)) is equal to the order of the
amplitude of the lattice vibration.

On the basis of the equation (8), the relation between
temperature difference AT = Tpigh — Tiow and irreversi-
bility of heat flux were investigated. For convenience, we
defined uniform temperature, 7yni = (Tiow + Thign)/2, and
the period from the time when time-reversed process
began to the time when heat flux crosses j, = 0, 7. Table 1
shows the relation between temperature difference AT
and phase-space collapse rate, _3<(Ziechigh Whigh(2i)) Chigh)
—3<(Ziecmwlow(z,-))ﬁoW), as the function of Ty, and
table 2 shows the relation between temperature difference
AT and 7 as the function of T,;. Simulations were carried
out for four values of AT every T,. Average values and
their errors were calculated over ten samples. With
increasing AT, the phase-space collapse rates decreased, T
decreased and irreversibility of heat flux appeared early. It
is found that the phase-space collapse rate decreases
monotonically and 7 decreases when the magnitude of
nonequilibrium increases if two masses of thermostats
have suitable values for the crystal.

Imposing finiteness on numbers of significant digits of
physical quantities, Hoover has developed irreversibility
of heat-conducting system. To investigate relation
between irreversibility and the numbers of significant
digits, four kinds of artificial round-off errors were added
every timestep to variables in phase-space whose absolute
value were 107810719, 107!2 and 10~'* individually;
numbers of significant digits are 7, 9, 11 and 13
correspondingly. Figure 3 shows four kinds of heat flux
in time-reversed process. The smaller numbers of
significant digits, the smaller 7 and there was a linear
relation. Four phase-space collapse rates, however,
equaled over all numbers of significant digits (table 3).
This result means (|dg(#)|) accumulates error of the order
of artificial round-off error right after time-reversed then
grows with the same exponents.

4. Conclusion

We have studied molecular dynamics simulation on
nonequilibrium stationary heat flux, conducting in
Stillinger—Weber crystal on the Hoover’s theory. Irrever-
sibility of heat flux in time-reversed process appeared
when the deviation of a particle’s trajectory against one in
the forward process grew to the order of lattice vibration.
Because phase-space collapse rate increased in the
forward process with increasing temperature difference,
time at which irreversibility of heat flux appears in time-

Table 3. Numbers of significant digits and phase-space collapse rates. T,,; = 0.1, AT = 0.05.

Numbers of significant digits 7 9 11 13
Entropy production —76.6 £ 19 —742 £ 15 —754 £ 15 —747 £ 0.7
T 29.8 £ 0.8 393 £2.0 53424 58.0 £2.8
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reversed process decreased. Numbers of significant digits
had no relation to the value of heat flux in stationary state,
The value of heat flux in stationary state did not depend on
numbers of significant digits, on the other hand, the time
at which irreversibility of heat flux appeared decreases
linearly with decreasing of them.
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